A perturbative analytic operator solution of a completely quantum mechanical Hamiltonian of multi-photon pump non-degenerate hyper-Raman process is obtained. It is shown that the obtained solution is general in nature as the solutions of non-degenerate hyper-Raman and stimulated Raman processes can be obtained as special cases of the present solution. The analytic solutions obtained here are used to investigate the nonclassical properties of the different modes in the stimulated, spontaneous and partially spontaneous multi-photon pump non-degenerate hyper-Raman processes. The nonclassical nature of these processes is witnessed by means of single mode and intermodal quadrature squeezing, intermodal entanglement of different orders, lower order and higher order photon antibunching. Interestingly, manifesting the multiphoton nature of the pump modes, a bunch of nonclassicality involving them are observed due to self-interaction of various pump modes.
I. INTRODUCTION
Applications of nonclassical states can only manifest the true power of quantum mechanics. This is so because the working of any technology that does not use nonclassical state(s) can be understood/explained classically (i.e., without using quantum mechanics). Recently, many applications of nonclassical states manifesting the power of quantum mechanics have been reported. Specifically, squeezed vacuum state has been used in the detection of gravitational wave [1, 2] at the Laser Interferometer Gravitational-Wave Observatory (LIGO). Further, with the recent progresses in the field of quantum computation and communication, the importance and necessity of nonclassical states have been established strongly established. For example, it has been established that the entangled states are essential for the implementation of a set of schemes for quantum cryptography [3] [4] [5] , quantum teleportation [6] , dense-coding [7] ; Bell nonlocal states are required for device independent quantum key distribution (DI-QKD) [8] ; squeezed states are useful for continuous variable quantum cryptography [9] and antibunched states are useful in building single photon sources [10, 11] . These interesting applications of nonclassical states have motivated many groups to investigate the possibilities of generating nonclassical states using frequent and important physical processes. One such important physical process is Raman process, which has several variants (e.g., spontaneous Raman scattering, stimulated Raman scattering, degenerate and nondegenerate hyper-Raman scattering, coherent anti-Stokes Raman scattering, coherent anti-Stokes hyper-Raman scattering) and clubbing them together we refer to them as Raman processes. Among these Raman processes non-degenerate hyperRaman process is most general in nature as the Hamiltonians of spontaneous and stimulated Raman scattering and nondegenerate hyper-Raman process (in the simplest case which can be viewed as a 3 photon analogue of stimulated Raman scattering [12] ) can be obtained as limiting cases of it. Nonclassicality in spontaneous and stimulated Raman scattering (see [13] [14] [15] [16] and references therein, Section 10.4 of [17] and [18] for reviews) and non-degenerate hyper-Raman processes [12, [19] [20] [21] has already been studied in detail. However, nondegenerate hyper-Raman process has not yet been investigated rigorously because of its inherent mathematical complexity and the potential difficulties associated with the experimental realization of this process. This is what motivated us to investigate the possibilities of observing nonclassical effects in the non-degenerate hyper-Raman process.
We were further motivated by the fact that in Ref. [22] , Olivík and Peřina noted that higher order non-linearity present in the hyper-Raman process may lead to more significant nonclassical effects compared to the standard Raman process (at least in the context of the statistical properties of radiation fields and quadrature squeezing). In fact, hyper-Raman scattering represents a very interesting nonlinear optical process as it allows self-interaction of the pump modes and thus leads to the generation of different types of nonclassicality. Specifically, the presence of antibunched, sub-Poissonian and squeezed light in the degenerate hyper-Raman processes has already been reported in the past [12, [19] [20] [21] . However, only antibunching in the photon and phonon modes of its nondegenerate counterpart have been reported until now [23] .
The fact that the limiting cases of the non-degenerate hyperRaman process have found application in various spheres of modern science has also motivated us to perform the present study. To be precise, quantum repeater [24, 25] has been built using the spontaneous Raman process; stimulated Raman scattering has been used to design devices for laser cooling of solids [26] , highly sensitive label-free biomedical imaging [27] , imaging of a degenerate Bose-Einstein gas [28] and to design a quantum random number generator (QRNG) [29] which is a true random number generator having no classical analogue. The multi-photon processes, such as hyper-Raman processes, may reveal many-body correlation functions and thus useful information regarding the nonlinear medium (see [30] for a review). A set of possibilities for experimentally observing these processes have been discussed since long [31] . One such possibility was reported in Ref. [32] , where the output of a hyper-Raman spectrometer was illustrated and analyzed. Theoretical proposals for studying hyper-Raman spectroscopy are still of prime interest [33, 34] . Specifically, these multi-photon processes possess a particular experimental advantage as their signals are spectrally well separated from the input laser [34] . It is also shown in the past that due to specific selection rules involved in these processes they can reveal information not accessible by Raman and infrared spectroscopy [34] . Further, nanosensors based on the surface-enhanced hyper-Raman processes enable measurement of wide range of pH circumventing use of multiple probes [35] . Also, due to wide applications of the hyper-Raman processes and other nonlinear optical phenomena in quantum information processing tasks, its analogues with single atoms and virtual photons are also proposed [36] . In addition, with the recent growth in the experimental facilities a set of experimental results using hyper-Raman scattering has been presented [35, 37] . A brief review of numerous applications and the future scopes of hyper-Raman processes may be found in [38] .
Motivated by the above, to investigate the possibilities of observing nonclassical features in non-degenerate hyperRaman process (illustrated in Figure 1 ), a completely quantum mechanical description of the system is used here to construct a Hamiltonian of the system. To obtain a closed analytic expression for the time evolution of each mode involved here, we have used Sen-Mandal perturbative technique ( [15, [39] [40] [41] and references therein), which is known to be a superior method compared to the corresponding short-time technique [17, 20, 42] . Further, we have established the general nature of the obtained solution by obtaining the existing Sen-Mandal solutions of Raman and degenerate hyperRaman processes [12] [13] [14] [15] [16] , (as limiting cases of the solution obtained here) which were already reduced to corresponding short-time solutions in the past [17, 20, 42] . Subsequently, the obtained time evolution of all the photon and phonon modes has allowed us to use a finite set of moments-based criteria [43] to establish the highly nonclassical behavior of the hyperRaman processes. Specifically, the model (Hamiltonian) used here is capable of dealing with the stimulated, spontaneous and partially spontaneous non-degenerate hyper-Raman process considering some or all the modes as stimulated. In all these cases, we have analyzed the possibilities of generating lower and higher order single mode nonclassicality. Specifically, in what follows, we would investigate the possibilities of observing single mode antibunched and squeezed states, and compound mode nonclassicality as intermodal squeezing, antibunching and entanglement. Further, feasibility of higher order entanglement in the hyper-Raman processes is examined.
The remaining part of the paper is organized as follows. The model Hamiltonian for the non-degenerate hyper-Raman process and its solution is reported in Section II. A list of criteria to be used for the study of the nonclassical properties of the non-degenerate hyper-Raman process are given in Section III. In Section IV, we summarize our results illustrating the presence and evolution of various types of nonclassicality and discuss the obtained results in detail before finally concluding the paper in Section V.
II. THE MODEL HAMILTONIAN AND ITS SOLUTION
The most general Hamiltonian of the hyper-Raman processes is
where a i is the annihilation operator for ith laser (pump) mode, b, c, and d are the annihilation operators corresponding to Stokes, phonon (vibration) and anti-Stokes modes, respectively. The Hamiltonian given in Eq. (1) corresponds to k-pump modes in the non-degenerate hyper-Raman process (shown in Figure 1 ). It is straightforward to obtain the Hamiltonian corresponding to Raman or k-pump degenerate hyperRaman process just by considering k = 1 or ω i = ω p , respectively. Specifically, if we choose a 1 = a 2 (i.e., ω 1 = ω 2 ) for k = 2 then we would obtain the Hamiltonian of degenerate hyperRaman process which is already studied in a reasonably detailed manner in Ref. [12] . Apart from this, 2-pump mode non-degenerate hyper-Raman process was discussed in Ref. [44] . The present Hamiltonian can be viewed as a generalization of this case to multi-mode pump non-degenerate hyperRaman process. However, nonclassical properties of multimode pump non-degenerate Hamiltonian is not studied in that detail. This is why we are interested in the operator solution of the Hamiltonian of non-degenerate multi-photon pump hyper-Raman process. To obtain the solution, first we write the Heisenberg's equations of motion for different modes aṡ Here, it is also worth mentioning that we have neglected all the terms higher than quadratic in coupling constants χ and g while obtaining the present solution.
The most general nature of the Hamiltonian describing the hyper-Raman processes used here has already been established. On top of that, the obtained solution is also quite general in nature and it is imperative to mention here that all the existing solutions of various Raman [13] [14] [15] [16] and degeneratehyper-Raman [12] processes can be obtained as the limiting cases of the present solution. It is also relevant to mention here that the solution obtained in [15] , which is a limiting case of the present solution, has already been shown to be reducible to the short-time solution reported till then [17, 20, 42] . It is also important to note here that in some of our recent works, it has been established that the Sen-Mandal perturbative solutions are more general than the corresponding short-time solutions for the same systems ( [12] [13] [14] [15] [16] [39] [40] [41] and references therein). To reduce our general solution to the solution for degenerate hyper-Raman process reported in [12] we need to consider k = 2, with a 1 = a 2 = a, and ω 1 = ω 2 = ω a (as the process is degenerate), and χ and g to be real (as χ and g were considered as real in Ref. [12] ). The coupling constants χ and g were treated as real in the case of Raman process, too [15] , but to be consistent with the convention used in Ref. [15] and to reduce the solution reported here to the solution reported in [15] , we would require to replace g by −g. Specifically,
Multi-photon pump hyper-Raman case Degenerate Table I . The present solution is general in nature, and the existing solutions for Raman and degenerate hyper-Raman processes can be obtained as special cases of the present solution for the functions in the evolution of pump modes. Here, we have used a (two) prime(s) in the superscript of the functions fis to distinguish the present solution from the degenerate hyper-Raman (Raman) process.
the solution used in [13-16, 45, 46] can be reproduced using k = 1, ω 1 = ω a in the present solution. The relation among various time dependent functional coefficients in the evolution of the pump mode in the present case and previous results [12-16, 45, 46] is summarized in Table I . A similar correspondence among the functions for the remaining modes is mentioned explicitly in Table B .I (see Appendix B).
III. CRITERIA OF NONCLASSICALITIES
Once we have the closed form analytic expressions for the evolution of various field and phonon modes involved in the process (given in Eq. (3)), we can test the nonclassical proper-ties of the process using various moments-based criteria (such as listed in [43] ), which are essentially the expectation values of annihilation and creation operators of the modes under consideration. Although an infinite set of moment-based criteria would be essential to form a necessary criterion of nonclassicality that would be equivalent to P -function [47] , here, we only use a small subset of this infinite set, which is therefore only sufficient. However, this small set of noncassicality criteria is found to be good enough to establish the highly nonclassical character of the non-degenarate hyper-Raman process. In this section, we enlist the set of criteria that is used in the present work to analyze the presence of lower and higher order nonclassicality. With the advent of sophisticated experimental techniques, some exciting experimental results involving a few of these moments-based higher order nonclassicality criteria have been reported in the recent past [48] [49] [50] [51] . More recently, experimental detection of higher order nonclassicality up to ninth order has also been reported [52] . Further, in Section I, we have already mentioned several recent applications of nonclassical states and Raman processes. Because of the above mentioned facts, in what follows, we are interested in analyzing the nonclassical properties of the process with specific attention to squeezed, antibunched and entangled states.
A. Lower and higher order squeezing
In order to study the squeezing effects in the various modes, we define the quadrature operators
where a (a † ) is the annihilation (creation) operator for a specific bosonic mode, and it satisfies [a, a † ] = 1. Squeezing in mode a is possible if the fluctuation in one of the quadrature operators goes below the minimum uncertainty level, i.e., if
Similarly, we may study intermodal squeezing in the compound mode ab using the following quadrature operator for the compound mode introduced by Loudon and Knight [53] :
Usually, the higher order counterpart of squeezing is studied using two different criteria, proposed by Hong and Mandel [54, 55] and Hillery [56] , independently. Hong-Mandel-type squeezing takes into consideration the higher order moments of usual quadrature defined in Eq. (4), while Hillery's squeezing criterion deals with amplitude powered quadratures. Here, we have focused only on the latter type. For which, the amplitude powered quadratures are defined as
and
As the quadratures fail to commute, we can obtain a criterion for amplitude powered squeezing from the uncertainty principle as
for each quadrature i ∈ {1, 2}, where [A, B] = AB − BA is the commutator, and [Y 1,a , Y 2,a ] = 0∀n.
B. Lower and higher order antibunching
Higher order antibunching criterion was introduced by Lee [57] . With time, several variants of this criterion, which are essentially equivalent, have been proposed. One such criterion was proposed by Pathak and Garcia [58] as
Importantly, for n = 2, it reduces to lower order antibunching, while for all n ≥ 3 we obtain the higher order counterpart. Therefore, here we have calculated and reported (n − 1)th order antibunching and also inferred corresponding lower order results from it. Similarly, in order to study the intermodal antibunching, one can use the solution reported here and the following criterion
C. Lower and higher order entanglement
Along the same line, two higher order entanglement criteria were proposed by Hillery and Zubairy [59, 60] as inseparability criteria. It may be noted that each of these criteria are sufficient but not necessary and thus the entanglement (nonclassical nature) not detected by a particular criterion may be detected by the other one, and in some situations both of them may fail to detect entanglement. A quantum state can be verified to be entangled using Hillery-Zubairy's HZ-I criterion
or Hillery-Zubairy's HZ-II criterion
An arbitrary quantum state is higher order entangled if it satisfies HZ-I and/or HZ-II criteria for m + n ≥ 3. Importantly, the lower order entanglement can also be verified from Eqs. (12) and (13), by considering m = n = 1.
IV. NONCLASSICALITY OBSERVED
All the nonclassicality criteria listed in Eqs. (5)- (13) contain average values of functions of time evolved annihilation and creation operators given in Eq. (3). To calculate the average values, we have to consider an initial state of the system. Without any loss of generality, the initial state is chosen to be a product state of coherent states in each mode
where |α i = |α 1 ⊗ |α 2 ⊗ · · · |α i · · · ⊗ |α k is the initial state of the pump modes in the product state of k coherent states.
Further, we have considered a detuning of ∆ω1 g = 10 and ∆ω2 g = 19 in Stokes and anti-Stokes hyper-Raman processes, respectively. In the stimulated case, we have considered non-zero photon number initially in each mode, i.e., |β| = 8, |γ| = 0.01, and |δ| = 1, while all these values are initially zero in the spontaneous case. Additionally, we have considered |α i | = 10 for all the pump modes, unless stated otherwise, in both the stimulated and spontaneous cases.
A. Lower and higher order squeezing Using Eqs. (3) and (14) in criterion of squeezing (5), we have obtained the closed form analytic expressions for the witnesses of squeezing in all the modes involved. Specifically, the witnesses for the single mode squeezing in an arbitrary pump mode is calculated to be
while the witnesses of squeezing in Stokes and vibration (phonon) modes are obtained as
respectively. Using the obtained Sen-Mandal perturbative solution, squeezing in anti-Stokes mode was not observed, i.e.,
Here, and in what follows we have used σ l = A l . In Eq.
(15b), we can observe a positive quantity is added to 1 4 , therefore, none of these quadratures can show variance less than 1 4 , and consequently, squeezing cannot be observed in these quadratures. However, unlike Stokes and anti-Stokes modes, the compact expressions for squeezing in all the remaining modes are complex enough to infer directly from them. To analyze the dependence of squeezing in all these modes on various parameters we performed a rigorous numerical analysis of the obtained expressions. To do so, we have used The study revealed that squeezing in the stimulated case of non-degenerate k-pump hyper-Raman process is observed only in the pump mode, which is shown to vary with various parameters. Thus, in turn, these parameters can be used to control the amount of squeezing. Specifically, witnesses of squeezing are found to be independent of the phases of different pump modes. However, the amount of squeezing is found to depend on the frequency of the pump modes. This fact can be established from Figure 2 (a)-(c) , where we can observe different amount of squeezing for each mode with different frequency, which becomes the same in the degenerate case. Further, different natures of squeezing for degenerate and non-degenerate cases have been observed (cf. Figure 2 (a)  and (d) ). This point is also established in context of the spontaneous case in Figure 8 (d) discussed later. Additionally, the amount of squeezing in a particular pump mode can also be controlled by the intensity of one of the other pump modes (cf. Figure 2 (a) and (b) ). Note that we have shown the variation in quadrature squeezing for relatively smaller time domain to establish its dependence on various independent parameters. Only due to this reason, the amount of squeezing appears to be very small (in the order of 10 −12 in Figure 2 (a) ). However, we observed relatively higher amount of squeezing for a larger rescaled time as shown in inset in Figure 2 (a) in case of X a1 quadrature. Similar highly oscillating nature is also observed in all other cases of single mode and intermodal squeezing, too, but being repetitive, such illustrations are not included in the subsequent plots.
Similarly, intermodal squeezing in the compound twomode cases can be studied using Loudon and Knight's criterion given in Eq. (6) with Eqs. (3) and (14) . We are reporting here the analytic expressions of two-mode squeezing for compound pump-pump mode as and dashed-red, purple-large-dot-dashed, and orange-double-dotted-dashed lines correspond to the quadrature ∆Ya j 2 .
∆X aj ar 2 ∆Y aj ar
which is applicable to any arbitrary pump modes a j and a r . Compound pump-Stokes, pump-vibration, and pump-anti-Stokes modes squeezing are obtained as In all three cases, the solid-blue (dot-dashed-magenta) and dashed-red (purple-large-dot-dashed) lines correspond to the quadratures ∆Xa j K 2 and ∆Ya j K 2 for compound a1K (a2K) mode, respectively. While in (d), intermodal squeezing in compound aj a k mode for 3-pump modes non-degenerate stimulated hyper-Raman processes is shown for all three cases, i.e., a1a2 mode shown in solid-blue and dashed-red lines, a2a3 mode shown in dot-dashed-magenta and purple-large-dot-dashed lines, and a1a3 mode as dotted-black and orange-double-dotted-dashed lines for the quadratures ∆Xa j ar 2 and ∆Ya j ar 2 , respectively. In all the cases, |αi| = 10 ∀i ∈ {1, 2, 3}.
respectively. We have also considered two-mode squeezing among Stokes-vibration mode
Stokes-anti-Stokes mode
and vibration-anti-Stokes mode
In all the expressions obtained for two-mode squeezing (i.e., Eqs. (16a)-(16g)), the single mode squeezing witnesses Finally, we analyzed the expressions for the compound mode squeezing, and variation is shown in Figure 3 . Interestingly, intermodal squeezing is observed in all the compound modes involving pump mode. In the analogy of quadrature squeezing illustrated in Figure 2 , the observed nonclassicality is shown to depend on the frequency of the pump mode. The same fact has been established here using non-degenerate 2-pump and 3-pump hyper-Raman processes, where the amount of intermodal squeezing are found to be different for various pump modes.
Hillary's amplitude powered squeezing for all the modes involved is calculated using Eqs. (3) and (14) in criterion of squeezing (9) . Specifically, the analytic expression for an arbitrary pump mode is obtained as follows
Similar study for Stokes, vibration, and anti-Stokes modes resulted in
respectively. From the obtained expressions, the presence of amplitude powered squeezing in the pump mode has been observed. Similar to the quadrature squeezing (shown in Figure  2 ), the nonclassicality is found to be absent in the remaining modes. Further, with increase in higher orders of squeezing, depth of the witness of amplitude powered squeezing is also observed to increase, which is in accordance with some of our recent observations ( [39, 40, 61] and references therein).
B. Lower and higher order antibunching
Higher order antibunching criterion given in Eq. (10), used with Eqs. (3) and (14) leads to the closed analytic expressions for the pump, Stokes, vibration and anti-Stokes modes as
respectively. Using these expressions we have analyzed the possibilities of observing both lower and higher order antibunching in all the modes except anti-Stokes mode (as D d (n) is always zero). The presence of lower and higher order antibunching in the pump mode has been observed and shown in Figure 5 (a). Antibunching is not observed in the other modes, i.e., in the modes other than the pump modes. It is also important to note here that the second-order correlation computed here for obtaining the signature of antibunching depends on the number of photons in certain mode while it is independent of its frequency. Similarly, intermodal antibunching defined in Eq. (11) can be calculated for all the possible two-mode cases, i.e., pumppump mode , respectively, in α1 = |α1| exp (iφ1). In (b) and (c), the lower order entanglement is amplified 100 times, whereas in (d), the lower order entanglement and higher order entanglement with m = 1, n = 2 are amplified by 100 times, respectively. In all the cases, |αi| = 10 has been used.
pump-Stokes mode
pump-vibration mode
pump-anti-Stokes mode
Stokes-vibration mode
From the obtained expressions, the presence of intermodal antibunching in various compound modes is shown in Figure  5 . We could detect antibunching in all possible compound modes except pump-vibration and Stokes-vibration modes. It is interesting to observe that the depth of nonclassicality witness increases with the increase in number of pump modes in hyper-Raman process for the same values of the coupling constants. On top of that, two arbitrary pump modes are also found to possess intermodal antibunching as shown in Figure  5 (b).
C. Lower and higher order entanglement
Inseparability of various modes can be analyzed using HZ-I and HZ-II criteria of entanglement given in Eqs. (12) and (13) . For the two arbitrary pump modes the compact expression is obtained as follows
where
and F a− = 0. While the analytic expression of HZ-I and HZ-II for pump-Stokes mode is obtained as , respectively, in α1 = |α1| exp (iφ1). In (c), the lower order entanglement is shown after multiplying with 100, whereas in (d), the lower order entanglement is amplified 10 times and m = 1, n = 2 and m = 2, n = 2 are 10 5 and 10 3 times amplified, respectively. In all the cases, |αi| = 10 has been used.
and F c− = 0; and
respectively.
The analysis of the obtained analytic expressions of entanglement of an arbitrary pump mode with all the remaining modes revealed some interesting results. Specifically, all the pump modes are found to be entangled with vibration and anti-Stokes modes as shown in Figure 6 (b), (c) and (d). Importantly, the bipartite entanglement between a pump and vibration modes could only be ensured for initial evolution of the system. However, as the criteria used here are only sufficient not necessary, the separability of these two modes can not be deduced. One significant result, which would be absent in Raman or degenerate hyper-Raman process due to the existence of single pump mode, is entanglement between two pump modes (cf. Figure 6 (a) ). The present results establish that two pump modes are always entangled in the non-degenarate hyper-Raman process. This interesting result would be in continuation of a set of systems able to produce always entangled pump modes [39, 40] and bosonic modes [61] .
A similar study for all the modes, except pump mode, resulted in following compact analytic expressions for Stokes-vibration, vibration-anti-Stokes, and Stokes-antiStokes modes The arrow indicates the variation in quadrature squeezing due to increase in the frequency.
Entanglement between the modes except pump mode is also a topic of prime interest in some of the recent studies on Raman or degenerate hyper-Raman process [45, 46] . The present results clearly reestablish that the non-separability criteria are only sufficient as one of the criteria (either HZ1 or HZ2) detects entanglement while the other one fails to detect entanglement in the same regimes of various parameters (cf. Figure 7 (a)-(b) or (c)-(d) ). The present results show Stokesanti-Stokes and Stokes-vibration modes are both lower and higher order entangled.
Finally, before we conclude the paper it is customary to check the possibility of nonclassical behavior that can be observed even under the spontaneous condition. The present results show that intermodal squeezing, antibunching and entanglement between different pump modes can be observed in the spontaneous case, too (cf. Figure 8) . Here, in Figure 8 (d) , we also establish the effect of change in frequency of input pump beams in spontaneous case, but it should be noted that a similar nature can be observed in stimulated case as well.
It is also worth noting here that in partial spontaneous case, when one (or two) of the modes except the pump modes has non-zero photons initially, all the nonclassicality observed in the spontaneous case will also survive. On top of that, certain other nonclassical behaviors may appear. Specifically, for non-zero photons in the Stokes mode, intermodal squeezing and antibunching in the pump-Stokes compound mode can also be observed.
V. CONCLUSION
Here, we have obtained a completely quantum mechanical solution of the most general case of hyper-Raman process, i.e., with k non-degenerate pump modes. Our endeavor to obtain the Sen-Mandal perturbative solution for this most general Hamiltonian, describing the multi-mode non-degenerate hyper-Raman process, resulted in a solution quite general in its nature. This general nature of the present Hamiltonian and corresponding solution insinuated to deduce all the existing Sen-Mandal and short time solutions for Raman and 2-pump mode degenerate hyper-Raman processes. This reduction establishes the wide applicability of the present results for all the Raman and hyper-Raman processes.
Further, the present study also revealed various interesting results. Specifically, the most significant property of the present system is more than one non-degenerate pump modes. Therefore, the nonclassical features reported in an arbitrary single pump and compound two-pump modes specify our most significant contribution. The present study revealed that an arbitrary single pump mode shows both lower and higher order squeezing and antibunching; while the compound pump-pump mode possesses all the nonclassical properties studied here, i.e., intermodal squeezing, antibunching, and entanglement.
The pump mode also shows compound mode nonclassicalities with Stokes, vibration, anti-Stokes modes as well. Specifically, compound pump-Stokes mode shows both intermodal squeezing and antibunching; compound pump-vibration mode exhibits intermodal squeezing and lower and higher order entanglement; intermodal squeezing antibunching, and lower and higher order entanglement are present in compound pump-anti-Stokes mode. Higher order entanglement in terms of multimode entanglement (as studied in Refs. [39, 40] ) is not studied here as it is already shown that due to selfinteraction two arbitrary pump modes are always entangled. Therefore, it is expected that all the pump modes would form a k-partite entangled state. In addition, all the nonclassical properties observed in Raman or degenerate hyper-Raman processes ( [12, [14] [15] [16] [17] and references therein) are also found to be present in the multi-mode non-degenerate hyper-Raman process. Precisely, the presence of intermodal antibunching and both lower and higher order entanglement in compound vibration-anti-Stokes and Stokes-anti-Stokes modes have been established.
Interestingly, most of the nonclassical properties of the hyper-Raman process under consideration survive even in the spontaneous case. To be specific, intermodal squeezing, antibunching, and lower and higher order entanglement between two arbitrary pump modes are observed in the spontaneous case. Further, squeezing and intermodal squeezing involving the pump mode are found to depend on the frequency and number of photons in the pump mode under consideration. It is also observed to vary with the number of non-degenerate pump modes. Additionally, intermodal antibunching and entanglement are phase dependent properties and can be controlled by the phases of the pump modes. The nonclassical behavior of hyper-Raman processes can also be established with the help of quasidistribution functions [62] , which will be performed in the near future.
We conclude this paper with a hope that the growing experimental facilities and techniques would lead to experimental realization of the single mode and intermodal nonclassical properties observed in the pump and other modes in the present work. The functional form of the coefficients in the evolution of various field modes given in Eq. (3) is as follows. operators occurring in these commutators may now be used
